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777. 


A SOLVABLE CASE OF THE QUINTIC EQUATION. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xvii. (1882), 
pp. 154—157.] 


THE roots of the general quintic equation 


(a, b, c, d, e, J ýx, 1° = 0 
may be taken to be 


~ oe B+ C+ D+ E 


—, +o, +0%,,+0',+@ ,, 
= te HO pte, + a", 
—,+o*,,+0%, +0 ,+0?%,, 
—ntO +O, +8, +H» 
where œ is an imaginary fifth root of unity; and if one of the four functions B, 


C, D, E is =0, say if H=0 (this implies of course a single relation between the 
coefficients), then the equation is solvable. 


Writing æ = &—- 4 we have 


rays (e-2, 1) =, 0, o', d OFTE, 


where 
/ 


a =q, 
ac’ =at — Bb’, 
ad’ = ad —3abe + 26°, 
ae’ = a8e — 4a°%bd + babe — 3+, 
aif’ = atf — 5a*be + 10ab*d — 10ab*c + 40°, 
and the roots of the new equation 


(a, 0, ¢, d, e, f' VE, 1)°=0 
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have the above-mentioned values, omitting therefrom the terms ae we find without 


difficulty 


bo 
SEa 
Il 
| 
Dy 
| 
Q 
S 


2 


Q 


|& 


2% __ ED- BO- 0E- DE, 


Q 


~ 


Q 


= — BC — BE + BODE + BD? + CE + CD -— DE*, 


gI 


y 


= — B’ + 5B DE — 550° E — 5 BCD? + 5BO2D + 5BCE? 
— 5BDE? — 0° + 50DE — 50 DFE? — D — E”, 


and hence, when Æ =0, we have 


| 


Q 


Z =- BC - BD- CD, 


Ê =- B- 5BOD'+ 5BD- 0- D, 


or, as these may be written, 


a eae = CD, 
a 
d 
-25 = BD + BO, 
NE Lgl. Bp 
a a 
F Cc! 
eatin se = B" + 0" + D' — 10 | (BD — BC"), 


equations which imply a single relation between the coefficients a’, c, d’, e, f’. 
Supposing this satisfied, we may attend only to the first three equations; or, writing 
for convenience, 


i 2 
a aua hin 
i=- 25, =—4 (ad — Babe + 20 
e c? Lis 2 2\2 
| i ai =- zla (ae — 4bd + 3c?) + (ac — b}, 
the equations are 
y= CD, 
ò= B(BD +0, 
0=B(D: — BC). 


51—2 
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The first equation gives C =~ and substituting this value in the other two 


D 
BD + Byt — òD: = 0, 
By + BD:+0D =0. 


Eliminating B, the result is obtained in the form Det. =0. where in the last 
column of the determinant each term is divisible by D; and omitting this factor, 


the result is 


equations, we have 


dD, y, — òD |=0. 

D*, y, — èD, 
D: ay —sD*, 

Y, 0, — BD, 0 
EE E | AOR, | 
If, in order to develope the determinant, we consider it as a sum of products, 
each first factor being a minor composed out of columns 1 and 2, and the second 
factor being the complementary minor composed out of columns 3, 4, 5 (the several 
products being of course taken each with its proper sign), the expansion presents 
itself in the form 


Diy (— 087D + &D"), 
— Dé (— 62D! + 8D — PDY) 
— yD*. — èD (8D* — 64) 
+ y? (PED — O8D* — by’) 
— 8*D*. 


Hence, collecting, and changing the sign of the whole expression, we obtain 
SD — (2yè + 70 + &) D! + (— yò + Bry50 + 8) yD + y'9=0, 
a cubic equation for D’. We have then as above C =) and B is given rationally 


as the common root of the foregoing quadric and cubic equations satisfied by B. 


Substituting for y, 6, @ their values in terms of the original coefficients, the 


equation for D> becomes 
2 (œd — 8abe + 20°) (a DY” 


at (ae — 4bd + 30°)? 
+ i a? (ac — bY (ae — 4bd + 3°) $ (aD) 
— 16 (ac — b?) (œd — 3abe + 26°) 


28 (ac— bY (a*d— 3abe + 26°) 
+4 (ac — bF {+ 12a? (ac — b°) (ad — 8abe + 2b*) (ae — 4bd + 3c”) > (aD)? 
+ 8 (ad — 3abe + 20°) 


— 128 (ac — bY {a? (ae — 4bd + 3c’) + (ac? — bY} = 0, 


and the solution of the given quintic equation thus ultimately depends upon that of 
this cubic equation. 
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